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Abstract 



We study the evolution of anticanonical line bundles along the Kàhler Ricci flow. We 
show that under some conditions, the convergence of Kàhler Ricci flow is determined 
by the properties of the anticanonical divisors of M. As cxamples, the Kàhler Ricci 
flow on M converges w hen M is a Fano s urface and c\(M) = 1 or cf (M) = 3. Com- 
bined with the work in [CWl| and |CW2j . this gives a Ricci flow proof of the Calabi 
conjecturc on Fano surfaces with reductiv e autom orphism groups. The originai proof 
of this conjecture is due to Gang Tian in Tian9d| | . 
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1 Introduction 



In this paper, we introduce a new criteria for the convergence of the Kàhler Ricci flow 
in general Fano manifolds. This might be useful in attracting renewed attentions to the 
renown Calabi conjecture in higher dimensionai Fano manifolds. Moreover, we verify these 
criteria for the Kàhler Ricci flow in Fano surfaces CP 2 #8CP and CP 2 #6CP . Conse- 
quently, we give a proof of the convergence of the Kàhler Ricci flow on such Fano surfaces. 
The existence of KE (Kàhler Einstein) metrics on these Fano surfaces follows as a corollary. 



In Kàhler geometry, a dominating problem is to prove the celebrated Calabi conjecture 
( |Ca| ). It states that if the first Chern class of a Kàhler manifold M is positive, nuli or 
negative, then the canonical Kàhler class of M admits a KE metric. In 1976, the nuli 
case Calabi conjecture was proved by S. T. Yau. Around the same time, the negative case 
was proved independently by T. Aubin a nd S . T. Yau. However, the positive first Chern 
class case is much more complicated. In [Mal |. Matsushima showed that the reductivity 



of Aut(M) is a necessary condition for the existence of KE metric. In Fu|, A. Futaki 
introduced an algebraic invariant which y anishes if the canonical Kàhler class admits a 
KE metric. Around 1988, G. Tian [Tian90l | proved the Calabi conjecture for Fano surfaces 
with reductive automorphism groups. By the classification theory of complex surfaces, 
Tian actually proved the existence of KE metric on Fano surface M whenever M is diffeo- 
morphic to CP 2 # fcCP (3 < k < 8). Prior to Tian's work, there is a series of important 
wor ks in |Tian87j . |tyI ]. |Siul | where existence results of KE metrics on some special com- 
plex surfaces were derived. 



Let (M, [lo]) be a Fano manifold where [co] is the canonical Kàhler class. Suppose that 
{&t}(t G [0, oo)) is the one parameter family of Kàhler metrics in [oj] evolves under the 
Kàhler Ricci flow. Let K7^ be the anticanonical line bundle equipped with a naturai, 
evolving metric ht = ojf = det g Wt . In this paper, we adopt the view that one must study 
the the associated evolution of line bundles when study Kàhler Ricci flow : 

{Km v ,K) \ 

(M,uh) ) 

It is well known that K7^ is very ampie when v is large. Let N v = dim H°(K7f) — 1, 
{£* be orthonormal holomorphic sections in H°(K^) with respect to metric gt and 

Le-, 




An easy observation shows that 

F v (x,t) = -logJ2 Kp\U x ) 

/3=0 



2 



is a well defined function on M x [0, oo) (independent of the choice of orthonormal basis). 
The Kàhler Ricci flow {(M, g(t)),0 <t< 00} is called a flow tamed by v if KJ^ is very 
ampie and F v {x,t) is a uniformly bounded function on M x [0, 00). The flow is called a 
tamed Kàhler Ricci flow if it is tamed by a some integer v. 

For a tamed flow, we can reduce the convergence of the flow to the values of locai 
a-invariants of plurianticanonical divisors. 

Defìnitionin 1. Suppose L is a line bundle over M with Hermitian metric h, S is a 
holomorphic section of L, x S M. Define 

& X (S) = sup{a| ||5||^ 2a is locally integrable aroundx}. 



See [Tian90l | and [Tian9ll | for mor e details about this definition. N ote th at a x (S) is 
also called singularity exponent ( Dk|), logarithm canonical threshold ( ChS |). etc. It is 
determined only by the singularity type of Z(S). Therefore, if S E H°(K7^), a x (S) can 
only achieve finite possible values. 

Defìnitionin 2. Let &q u k(M, u) he the collection of ali G-invariant functions of forni 
. fe-i 

-log(^ Il 5^11^), where {S u ,p}pl^ (1 < k < dim H°(K^ U )) satisfies 

13=0 



I M 

Define 



0<a,/3</c-l< dim(if^) - 1; h = det g u 



ac,u,k - sup{o| sup / 



-atp.,n 



uf 1 < 00}. 



If G is trivial, we denote a u k as acvk- 



It turns out that the value of locai a-invariants, a Vì \ and a Vt i play important roles in 
the convergence of Kàhler Ricci flow. 

Theorem 1. Suppose {(M n , g(t)),0 < t < 00} is a Kàhler Ricci flow tamed by v. If 
a v,i > (n+i) > then ip is uniformly bounded along this flow. In particular, this flow converges 
to a KE metric exponentially fast. 

Theorem 2. Suppose {{M n , g(t)), < t < 00} is a Kàhler Ricci flow tamed by v. If 



<*u,2 > ^1 and a v ,i > 



1 



-, then tp is uniformly bounded along this flow. In 



particular, this flow converges to a KE metric exponentially fast. 

In fact, if a Kàhler Ricci flow is tamed by some large u, an easy argument (c.f. Section 
2.3) shows that the following strong partial C°-estimate hold. 



<p(t) - sup <p(t) - - log V \\p(t)SÌ 



< c. 



(1) 
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Here ip(t) is the evolving Kàhler potential. < \o(t) < M(t) < ■■■ < \N u (t) = 1 are 
N v + 1 positive functions of time t. {S l u p}^=Q is an orthonormal basis of H°(K^ U ) under 
the fixed metric go . Intuitively, inequality ([1]) means that we can control OscM<fi{t) by 



which only blows up along intersections of pluri-anticanonical divi- 

sors. Therefore, the estimate of (p(t) is more or less translated to the study of the property 
of pluri-anticanonical holomorphic sections. 



In view of these theorems, we need to check the following two conditions: 



• Whether the Kàhler Ricci flow is a tamed flow; 

• Whether the a u ± (k = 1, 2) are big enough. 



The second condition can be checked by purely algebraic geometry method. The first 
condition is much weaker. We believe that it holds for every Kàhler Ricci flow on Fano 
manifold although we cannot prove this right now. However, under some extra conditions, 
we can check the first condition by the following theorem. 

Theorem 3. Suppose {(M n , g(t)), < t < oo} is a Kàhler Ricci flow satisfying the fol- 
lowing conditions. 

• volume ratio bounded from above, i.e., there exists a Constant K such that 

\oì g{t) (B g{t) (x,r)) <Kr 2n 
for every geodesie ball B g u^(x,r) satisfying r < 1. 

• weak compaetness, i.e., for every sequence ti — > oo, by passing to subsequence, we 
have 

f i oc; ^ 

(M,g(ti)) — ->■ {M,g), 

where (M,g) is a Q-Fano normal variety, — > means Cheeger-Gromov convergence, 
i.e., {M,g{ti)) converges to (M,g) in Gromov-Hausdorff topology, and the conver- 
gence is in smooth topology away from singularities. 



Then this flow is tamed. 



In the case of Fano surfaces under continuous path, Tian proved a similar theorem. 
However, in his proof, every metric is a Kàhler Einstein metric, so there are more estimates 
available. In particular, Ricci curvature is uniformly bounded there. Our proof here is 
more technical sineewe have no Ricci curvature control. The concept of Q-Fano variety 
is first defined in DTJ , it's a naturai generalization of Fano manifold. A Q-Fano variety 
is an algebraic variety with a very ampie line bundle whose restriction on the smooth 
part is the plurianticanonical line bundle. In the proof of this theorem, Hòrmander's 
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L 2 -estimate of <9-operator, Perelman's fundamental estimates and the uniform control of 
Sobolev constants (c.f. YgJ], Zhq j) play cruciai roles. Actually, Sobolev constants control 
and Perelman's estimates assure the uniform control of IH'S'kj'll^o^) an d lll^'Ut Hc°(M) 
whenever S is a unit norm holomorphic section in H°(K^). Hòrmander's L 2 -estimate 
of <9-operator assures that the plurigenera is continuous under the sequential convergence. 
Therefore, for every fixed u, we have 



lim inf e uKix ' u) 
i—too x£M 



N v 

lim inf 7^ \S 



U 



(x) 



/3=0 



N " 

inf ^2 \Sv,P 

x6M /3=0 



X . 



This equation relates the tamed condition to the property of every limit space. If every 
limit space is a Q-Fano normal variety, we know 



N v 

inf ^2 PW 3 

x£M p=o 



(x) > 



for some v depending on M. Then a contradiction argument can show that e uFv must be 
uniformly bounded from below for some large v. In other words, F v is uniformly bounded 



(the upper bound of F v is a corollary of the boundedness of \\\S\i 
tamed. 



lc°(M) 



) and the flow is 



As applications of Theorem [T] to Theorem [3l we can sho w the c onvergence of Kàhler 
Ricci flow on Fano sur face M when c\(M) < 4. Actually, in |CW3l ]. we proved the weak 
compactness of 2-dimensional Kàhler Ricci flow. 

Lemma 1. fìCWà ì) Suppose {(M,g(t)),0 < t < oo} is a Kàhler Ricci flow solution on a 
Fano surface. Then for any sequence ti —> oo, we have Cheeger-Gromov convergence 

e 1 oc ^ 
(M,g(ti)) — » (M,g) 

where (M,g) is a Kàhler Ricci soliton orbifold with finite singularities. In particular, M 
is Q-Fano normal variety. 

Moreover, the volume ratio upper bound is proved in the process of proving weak 
compactness. Therefore, Theorem [3] and Lemma Q] implies that every 2-dimensional 
Kàh ler R i cci flow is a tamed flow. The authors remark that, in an unpublished work 



(c.f. [Sell | . [FZ| |). Tian has pointed out earlier the sequential convergence of the 2-dimensional 
Kàhler Ricci flow to Kàhler Ricci soliton orbifolds under the Gromov-Hausdorff topol- 
ogy. Under the extra condition that Ricci cu rvatu re is uniformly bounded along the 



flow, Lemma [T]was proved by Natasa Sesum in Sei]. However, for our purpose of using 
Theorem [3l these convergence theorems are not sufficient (We need Cheeger-Gromov con- 
vergence without Ricci curvature bound condition). In the course of proof of this lemma, 
the fundamental work of G. Perelman on the Ricci flow (non- locai collapsing theorem, 
pseudo-locality theorem and canonical neighborhood theorem)play criticai roles. Under 
some geometrie constraints naturai to our setting, we proved an inverse pseudo-locality 
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theorem (heuristically speaking, no "bubble" will disappear suddenly). For that purpose, 
we need to have a uniform control of volume growth on ali scales. We found that the 
argument for volume ratio upper bound in the beautiful work [TV1] and [TV2] is very 
enlightening. 

In order to show the convergence of a 2-dimensional Kàhler Ricci flow, we now only 
need to see if a v ^{k = 1,2) are big enough to satisfy the requirements of Theorem [1] or 
Theorem [21 If c\{M) < 4, one can show that either Theorem Q] or Theorem [2] a pplies . 



However, the convergence of Kàhler Ricci flow on Fano surfaces M are proved in 
when c\(M) = 2 or c\(M) = 4. The only remained cases are c\ (M) = 1 and c\(M) = 3. 
So we concentrate on these two cases and have the following lemma. 

Lemma 2. Suppose M is a Fano surface, v is any positive integer. 



Ifcl(M) = 1, then a Ujl > §. 
Ifcf(M) = 3, then a Vì \ > §, > 



Actually, the value of av,i was calculated by Ivan Cheltsov (c.f. [Chi) for every Fano 
surface. The v alue of a u ^ was also calculated for every cubie surface (cf(M) = 3) by 
Yalong Shi (c.f. SYlj ). For the convenience of readers, we give an elementary proof at the 
end of this paper. 



Therefore, Theorem Q] and Theorem [2] applies respectively and show the existence of 
KE metric s on M wh enever c\(M) = 1 or 3. Combining this result with the results we 
proved in |CWl| and |CW3, we can give an alternative proof of the celebrated theorem 
of Tian: 



Theorem ( [Tian90l ]). A Fano surface M admits a Kàhler Einstein metric if and only if 
Aut(A4) is reductive. 



This solved a famous problem of Calabi for Fano surfaces [Cai ]. This work of Tian 
clearly involves deep understanding of many aspeets of Kàhler geometry as well as its inti- 
mate connection to algebraic geometry. It is one of the few highlights in Kàhler geometry 
which deserve new proofs by Ricci flow. On the other hand, the Kàhler Ricci flow is a 
naturai way to under stand C alabi conjecture in Fano setting. Following Yau's estimate 
f |Yau78^ ì. H. D. Cao f |Cao85l ]ì proved that the Kàhler Ricci Flow with smooth initial met- 
ric always exists globally. On a KE manifold, the first named author and Tian showed that 
Kàhler Ricci Flow converges exponentially fast t oward the KE metric if the initial met- 
ric has positive bisectional curvature (c.f. [CTl|, CT2j). Using his famous /i-functional, 
Perelman proved that scalar curvature, diameter and normalized Ricci potentials are ali 
uniformly bounded along Kàhler Ricci flow (c.f. SeT| ). These fundamental estimates of 
G. Perelman opens the door for a more qualitative analysis of singularities formed in the 
Kàhler Ricci flow. As a corollary of his estimates, G. Perelman announced that the Kàhler 
Ricci flow will always converge to the KE metric on every KE manifold. The first written 
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proof of this statement appeared in [TZj where Tian and Zhu also generalized it to Kàhler 
manifolds admitting Kàhler Ricci solitons. In our humble view, the estimates of G. Perel- 
man makes the flow approach a plausible one in terms of understanding Calabi conjecture 
in Fano setting. We hope that this modest progress in Kàhler Ricci flow will attract more 
attentions to the renown Hamilton-Tian conjecture. Namely, any Kàhler Ricci flow will 
converge to some Kàhler Ricci solitons with mild singularities in Cheeger-Gromov topol- 
ogy, perhaps of different complex structures. 



The application of strong partial C°-estimate is one of the cruciai components of this 
paper. It sets up the frame work of our proof for the convergence of 2-dimensional Kàhler 
Ricci flow. This estimate originates fro m the st rong partial C°-estimate along continu- 
ous path in Tian's originai proof (c.f. Tian9Cll | ) . He also conjectured that the strong 



parti al C°-es timate holds along continuous path in higher dimensionai Kàhler manifolds 
(c.f. |Tian9ll Q. 



The organization of this paper is as follows. In section 2, along each tamed flow, 
we reduce the C°-estimate of the potential function (p to the calculation of locai a- 
invariants of sections S € H°(K^f). In section 3, we study the basic properties of 
pluri-anticanonical holomorphic sections along Kàhler Ricci flow. Here we discuss the ap- 
plications of Hòrmander's L 2 -estimate of <9-operator and we deduce the uniform bounds 
of \S\ h v and \VS\ h v. Using these estimates, we give a justification theorem of the tamed 
condition. In section 4, we calculate a l/ì k{M){k = 1,2) when c\ (M) = 1 or 3 and show that 
their values are big enough to obtain the C°-estimate of the evolving potential function 



Remark. In the subsequent paper ÌWanA l. we will apply these methods to Kàhler Ricci 
flow on orbifold Fano surfaces. As an application, we find some n ew Kàhler Einstein 
orbifolds. In particular, we prove the following conjecture (c.f. 'Kostà lì. LetY be a degree 
1 del Pezzo surface having only Du Val singularities of type A n for n < 6, then Y admits 
a Kàhler Einstein metric. 



Acknowledgment This work benefits from [Tian90l ] conceptually. The second named 
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their interests in this work. The first named author would like to thank S. K. Donaldson 
for lengthy discussions in this and related projects in Kàhler geometry. 
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2 Estimates Along Kàhler Ricci Flow 



2.1 Basic Kàhler Geometry 

Let M be an n-dimensional compact Kàhler manifold. A Kàhler metric cari be given by 
its Kàhler form uj ori M. In locai coordinates z±, ■ ■ ■ , z n , this uj is of the forni 

n 

uj = V^l ^ 9ij dzi AdzÌ > °) 

where {gfj} is a positive definite Hermitian matrix function. The Kàhler condition requires 
that uj is a closed positive (l,l)-form. Given a Kàhler metric uj, its volume form is 

u n = 1 (V^l) n det (g^dz 1 Adz J A--- Adz 11 Adz 11 . 
The curvature tensor is 

R ^llL_ + y gP-^ & M, Vi,j,k,l = 1,2,-.. n. 

%3kl dzW ^ dz k dz 1 ' ,J 

The Ricci curvature form is 

n 

Ric(w) = y/-L Rq{u)dz i A dz? = -^f^ìddlog det(g kJ ). 
It is a real, closed (l,l)-form and [Rie] = 2ttc\{M). 



From now on we we assume M has positive first Chern class, i.e., c\(M) > 0. We cali 
[uj] as a canonical Kàhler class if [uj] = [Rie] = 2-kc\ (M) . If we require the initial metric is 
in canonical class, then the normalized Ricci flow (c.f. Cao85l ]) on M is 



°9, 



01 



9{ 



R,: 



Vi, j = 1,2, 



, n. 



(2) 



Denote uj = u g (o), ^gft) = uj + \/—ldd(pt- tpt is called the Kàhler potential and sometime it 
is denoted as ip for simplicity. On the level of Kàhler potentials, Kàhler Ricci flow becomes 



duo 



log 



UJ' 



+ if + U u 



(3) 



where is defined by 



Ric(w) 



UJ 



-Idduu, and 



(e 



1)uj t 



0. 



As usuai, the flow equation ([2]) or ffl is referred as the Kàhler Ricci flow in cano nical class 
of M. It is proved by Cao Cao85( | . who followed Yau's celebrated work Yau78( | . that this 
flow exists globally for any smooth initial Kàhler metric in the canonical class. 
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RipkqR p j q l + RilpqRqpkj + ^ijkl 







' 2 [RipRpjkl + RpjRipkl + RkpRijpl + ^pl^ijkp ) ■ 



a 



RìpRpj ■ 



— — Ai? + RiiRn 



i?. 



Table 1: Curvature evolution equations along Kàhler Ricci flow 



In this note, we only study Kàhler Ricci flow in the canonical class. For the simplicity 
of notation, we may not mention that the flow is in canonical class every time. 

Along Kàhler Ricci flow , the evolution equations of curvatures are listed in Table [TJ 



Let £P(M,uj) = {ip\uj + \/— lddip). It is shown in Tian87l ] that there is a small Constant 
5 > such that 



sup - / 



-6(<p-sup M ip) n 



LO 11 < CO. 



The supreme of such 5 is called the a-invariant of (M, oj) and it is denoted as a(M, oS). 
Let G be a compact subgroup of Aut(M) and u is a G-invariant form. We denote 



<?> G (M, 



{ip\uj + y/—lddip > 0, tp is invariant under G}. 



Similarly, we can define oiq(M, u). Actually, ac(M,u;) is an algebraic i nvaria nt. It is 
called global log canonical threshold lct(X, G) by algebraic geometers. See [ChS| for more 
details. 



2.2 Known Estimates along General Kàhler Ricci Flow 

There are a lot of estimates along Kàhler Ricci flow in the literature. We list some of them 
which are important to our arguments. 

Proposition 2.1 (Perelman, c.f. 

(SeJl)- Suppose {(M n ,g(t)),0 < t < co} is a Kàhler 
Ricci flow solution. There are two positive constants B, k depending only on this flow such 
that the following two estimates hold. 



1. Under metric g{t), let R be the scalar curvature, —u be the normalized Ricci potential, 
i.e., 



Rie — UJ, 



-lddu, 



1 

V 



Al 



1. 



Then we have 



\R\ 



C" 



+ diamM + ||tt|| c o + || Vu||^o < B. 



\c° 
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Vol(B(x, r)) 

2. Under metric g(t), k — ■ > k for every r G (0, 1), (x,t) G M x [0, oo). 



After this fundmental work of G. Perelman, many interesting papers appear durin g 
this pe ri od. W e inclu d e a fe w reference s here for t h e co n venien ce of r e aders : CH I. |CST| . 
CWl| . [cwj, H, |ESS|> |PSSWl| . [PSSwJ, H, [RZZj . |Sel~| . [Sei ]. O^tc. In 



this subsection, we cite a few results below which are directly related to our work here. 



Proposition 2.2 ([Zhq], [YeJ]). There is a uniform Sobolev Constant Cs along the Kàhler 
Ricci flow solution {(M n ,g(t)),0 <t< oo}. In other words, for every f G C°°(M), we 
have 



— ~ n_1 - ' ' 12. .n , 1 / i r\2. .m 



(/ \f\—^;)—<c s { |v/ix + — / I/IH>- 

M JM JM 



Proposition 2.3 (c.f. TZ]). There is a uniform weak Poincaré Constant Cp along the 
Kàhler Ricci flow solution {{M n , g(t)),0 < t < oo}. Namely, for every nonnegative func- 
tion f G C°°(M), we have 



As an easy application of a normalization technique initiated in [CTl[, one can prove 
the following property. 



Proposition 2.4 (c.f. [PSSj . |CW2l |). By properly choosing initial condition, we have 

Meo + libico < C 
for some Constant C independent of Urne t. 

Based on these estimates, the authors proved the following properties. 



Proposition 2.5 (c.f. [RuJ, CW|). There is a Constant C such that 

n-l 



Tri (-V)w^ <nsup<^- 

V JM M n V 



V J M 

In particular, we have 



-ld<p A dtp A oj l A uj 



n-l-i + a 



M 



— [ (-p)w" < n sup tp + C. 

V JM M 



(4) 



(5) 
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Proposition 2.6 (c.f. Ru], CW2j |). For every 5 less than the a-invariant of M, there is 



a uniform Constant C such that 

S1W <^ / (-<p)u>% + C (6) 

M J M 

along the flow. 

Lemma 2.1 (c.f. [llu|], |CW2l |). Along Kàhler Ricci flow {(M n , g(t)),0 < t < oo} in the 



canonical class of Fano manifold M , the following conditions are equivalent. 

• ip is uniformly bounded. 

• sup tp is uniformly bounded from above. 

M 

• inf ip is uniformly bounded from below. 

M 

• J M <pu n is uniformly bounded from above. 

• f M (—ip)uj™ is uniformly bounded from above. 

• I w (<-p) is uniformly bounded. 

• Oscm'P is uniformly bounded. 

As a simple corollary, we have 
Theorem 2.1 ( CW2{ |). If oìg{M,uj) > -^-r for some G-invariant metric lo, then ip is 



uniformly bounded along the Kàhler Ricci flow initiating from lo . 

2.3 Estimates along Tamed Kàhler Ricci Flow 

In this section, we only study tamed flow. 

Defìnition 2.1. For every positive integer v, we can define a function F u on spacetime 
M x [0, oo) as follows. 



1 2 

F v (x,t) = - log V 15*^1 (x) 

/3=0 

where {S l v p}p= ^ s an orthonormal basis of H°(K^) under the metric gt = g(t) and 
hi = (detgt)», Le., 

I (Sl, a ,St ;/3 ) h »u>? = 5 al3 , N v = àìmH Q (K^)-l. 

JM 

Note that this defìnition is independent of the choice of orthonormal basis of H (K^). 
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Defìnition 2.2. {(M n , g(t)), < t < 00} is called a tamed flow if there is a big integer v 
such that the following properties hold. 

• K^y is very ampie. 

• l^lc°(Mx[0,oo)) < 00 • 

Suppose {(M n , gt),0 < t < 00} is a tamed flow. Under the metric gt and h%, we choose 
{Slg}g =0 as an othonormal basis of H°(K^). At the same time, let {<S* a}fi=o ' 3e an 
orthonormal basis of H°(K^) under the metric go and Hq. Then we have two embeddings. 



By rotating basis if necessary, we can assume = o~(t) o \Ir where 

a{t) = a(t)diag{X {t), • • • , X N (t)}, < a(t), < X (t) < Ai(t) < ■ ■ ■ < X N {t) = 1. 
This indicates that Kàhler Ricci flow equation can be rewritten as 

<P = lo g ~z + <P + u u> 



¥ : M ^ CP^, x 1 ^ [^o(x) : • • • : S* jAr (x)]. 



2_,/3=0 



2 



-log 



2 



+ <p + % 



V 



2^0=0 Pi/,/3 





In other words 




Since F u (x,t), ip and are ali uniformly bounded, we obtain 
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Here we use the notation ~ to denote that the difference of two sides are controlied by a 
Constant. It follows that 



1*1 2 i N | 

sup^~ -logV \Xp(t)§la --suplogV A^(t)S* 



0=0 



0=0 



It is obvious that 



N 



N 



suplog V \Xp{t)SÌp < suplog V \Sl 

M 1 KM or, 1 



w,0 



0=0 



0=0 



< C. 



On the other hand, we have 



N 



suplog V \Xfs(t)S : 
M t^o ] 



1,0 



> suplog 

K M 



= sup log 

M 

= log sup 

M 

> log 77 



II 1 ' 
"(I 



»5,, 



logV. 



ili 



qt 



co 



0=0 



Therefore, — suplog \\p(t)S^ 



is uniformly bounded and it yields that 



0=0 



So we have proved the following property. 



(7) 



Proposition 2.7. If {(M n , g(t)), < t < oo} is a Kàhler Ricci flow tamed by v, then 
there is a Constant C ( depending on this flow and v ) such that 



V? - sup ip log V \\0 {t) S, 

M ^ a, ' 1 



V,0 



0=0 



< C 



(8) 



uniformly along this flow. 



Inequality ([8]) is called the strong partial C°-estimate by Tian. Using this estimate, 
the control of IMI c°(M) along Kàhler Ricci flow is reduced to the control of values of locai 

Af ^ - 



a-invariants (See Definition [T] and Definition [2]) of holomorphic sections S S H°(K ' 
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Theorem 2.2. Suppose {(M n , g(t)), < t < 00} is a Kàhler Ricci flow tamed by v. If 
a v,i > i/ien 93 is uniformly bounded along this flow. In particular, this flow converges 
to a KE metric exponentially fast. 



Proof. Suppose not. Then there is a sequence of times ti such that lini |^ 



C°(M) 



OO. 



Choose S l u a = a(t)\p(t)S„ g, < (3 < N as before. Sirice both 
uniformly bounded, we can assume 



and A^(i) are 



lim A^ti) = A/3, lim = S VìP , P = 0, 1, • • • , N. 



Notice that Ajv = 1. 



N 



Define I(a,t) = / (V \\p{t)Sv,f) )~»u n . Clearly, 7(a,i;) < / 



/3=0 



v,N 



■la 

" lo 11 . As 



S V ,N & H (K^) and a Vt \ > we can find a number a G 0^,1) such that 

Jju |>5f,Ar \hy" u n < C. By the semi continuity of singularity exponent, (c.f. Dk|, Tian9Cl( |). 
we have 



limsup/(a, tj) < lim / \S u ^\ hV v lo 11 



/ 



M 



' 1 '<ti 



1^1 

Along a tamed flow, inequality \tp — sup 93 log > Aa^),?* 



/3=0 



< C holds. It follows 



that J M e a (v* l - su PM vttì^n, < c Recal i that = log ^ + 99 + it w , we have 



1 



ili 



e -a(v3 ti -sup M <p ti ) . e <pt i +u u -<p u} n < £< 



Note that both and are uniformly bounded. It follows from the convexity of expo- 
nential map that asup M ip^ + (1 — a)y f M ip^u^ < C. In other words, it is 



1 -a 1 
supv9 ti < ——tf 

M Ct V 



M 



(9) 



Combining this with inequality ([5]), we have 



1 - a 

sup ^ < n sup 9? fi + 6. 

M « Af 

Since a G (-ttj 1), it follows that supy?^ is uniformly bounded from above. Consequently, 

M 

^ is uniformly bounded. This contradiets to our assumption for Lp t . . □ 



By more careful analysis, we can improve this theorem a little bit. 
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1 N I 

Proposition 2.8. Let X t = -log(^ \\p(t)SÌ t 



M 



13=0 



). There is a Constant C such that 



ìi" 



-ldX u AdX u }Auj 



n-1 



< c. 



(10) 



Proof. Since every is a holomorphic section, direct calculation shows that 



AX f . > -R 



1 

V 



where A, R are the Laplacian operator and the scalar curvature under the metric lo. As 
Atp+n > 0, we can choose a Constant Co such that Aip+AX^ + Co > 0. For the simplicity 
of notation, we omit the sub index ti in the following argument. So we have conditions 

\(p-sxipip-X\ < C, AX + Atp + C >0. 

M 

Having these conditions at hand, direct computation gives us 

{V^ld^ A Bop — V^ldX A dX} A u n ~ l 

= \?\ {X - tp){AX + Av)u n 
v JM 

= \- l {X- <p + sup<p + C)(AX + A(p)tJ n 

V JM M 

= \-\ (X-ip + sup^ + C)(AX + Aip + C )oJ n -%-[ (X -99 + sup^ + CV 1 

v JM M V J M m 

>~ I (X -<p + supip + C)uj n 

v JM M 

> -2C C. 

On the other hand, similar calculation shows 



1 

V 



{V^ld^ A dip — V^ldX A dX} A co 



n-l 



M 



<~ ! (X -tp + supif-Qu 11 

v JM M 

< 2C C. 



Consequently, we have 



{V^ldp A dup — ^IdX A dX} A oj 



71-1 



M 



< 2C C. 



□ 
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It follows from this Proposition that inequality Q implies 



V 



77 / irf) u Z < «sup^J 



ili 



ili 



77,-1 

V 



-ldX AdX Au 



n-l 



a 



ili 



Similar to the theorems in |Tian9Cj |. we can prove the following theorem. 



Theorem 2.3. Suppose {(M n , g(t)), <t< oo} is a Kàhler Ricci flow tamed by u, M is 
a Fano manifold satisfying a u 2 > — xr an d a v 1 > 7. \=\ — • Then along this flow, lo is 

("+!)<* i/,2 

uniformly bounded. In particular, this flow converges to a KE metric exponentially fast. 



Proof. Suppose not. We have a sequence of times U such that lim \<Pti\n°(M) 

i— >oo ' 

As before, we have 



00. 



lim S. 



S v ,p, P = 0, 1, ■ ■ ■ ,N; lini \p (U) = \p ; Ajv = 1. 



Claim 1. Ajv-i = 0. 

Otherwise, Atv_i > 0. Fix some a G (jSr[> &2,v), we calculate 



r N 1 

I(a,U)= / 

Jm 0=o * 



ti 

ufi 



< 



ili 



( A A r_i(t i )5*V_ 1 



< (Aiv-i(ti)) 



-2q 



ili 



5 



i/JV-1 



+ 



5 



ìv 



) "LJ 



For simplicity of notation, we look h$ as the default metric on the line bundle without 
writing it out explicitly. Then semi continuity property implies 



lim 

It follows that 



J v,N-l 



+ 



S 



• U3 



ili 



(\S U ,N- 



+ s, 



i2s _« 



v,N\ 



: UJ < OO. 



I(a,ti) < 2(\ N -i)- 3 ? / (|S„,jv-i| 2 + \S u , N \ 2 )-^uj n < C a . 

Recali the definition of I(a,U), equation © implies f e -<*MU)-sup M <p(U)) u n < c gince 

a > j^pj, as we did in previous theorem, we will obtain the boundedness of ìv 9 *, lc°(A/) • 
This contradicts to the initial assumption of (/^! Therefore Aat_i = and we finish the 
proof of this Claim 1. 
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Claim 2. For every small Constant e, there is a Constant C such that 

(l-eK.asup^ + (l-(l-eK, 2 )T7 f ^< < -2(1 - e)^ log Ajv-i(^) + C 
M v Jm v 



Fix e small, we have 



N 



/((i-cK, 2 ,t i )= / QTIa^ V (1 



v LO 



°z/JV-l 



< / {X N -l(ti) 

2(l-e)q„ i2 

< CAat_i(£ì) 



+ 



qti 



2 (l~g)Qiy,2 



]} 



The tamed condition implies that 



2(l-e)a„ 2 



Plugging the equation 99 = log + </? + ti w into the previous inequality implies 



Jm 



,p.-e)a Vl 2tmp M tpt i +(l-(l-e)a Ul 2)<pt i . p u^-^t %UJ n 



M 



Vii 



> e 



> e 



(12) 



m "IIc°{a/)-|I^*ì Wc°(M) I f ,( 1 -e)o'v,2 sup M ¥' t< +(l-(l-e)c«„ > 2)¥'t ja; n 



ili 



ll u "llcO(M)-|I^JIcO(A/) . y. e ( 1 - e ) Q ",2Sup A/ ^ ii + (l-(l-e)a„,2)f /mV^^ 



Taking logarithm on both sides, we obtain inequality (|12|) . This finishes the proof of 
Claim [2J 



Claim 3. For every small number e > 0, there is a Constant C e such that 



V -ih 



-ldX ti A dX k A u 11 - 1 > 



(1-e) 



logÀ7V_i(^) - C t . 



(13) 



This proof is the same as the corresponding proof in [Tiaii91[. So we omit it. 



Plugging inequality (|13|) into inequality (jlip . together with inequality (|12p. we obtain 
vImÌ-WÙ^ ^ ™ su Pa/^ + fr-y-^ log Ajv-i(t,) + C, 

(1 - e)a v>2 sup M ^ + (1 - (1 - eK, 2 ) F / M ^w» . < logAjv-ife) + C. 
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Eliminating log Ajv-i(ti), we have 

1 f , s n ^ (n + l) + (n-l)e 

V Jm 1 ((" + 1) - (ra - l)e)a„ i2 - (n - 1) m 

As inequality ©, we have svp M tp^ < ^fe^^ y Jm ( — ^iVì^ + C- ^ follows that 

/i (n + l) + (n-l)e 1 - (1 - e)t/q„,i 1 1 /" , , 

l 77 — 77 7 77-7 7 77 ' a ^,2 ' 77 7 }t7 (-ptjw < G 

((n + 1) - (n- l)e)a U)2 - (n - 1) (1 - e)va Vì i V J M 

for every small Constant e and some big Constant C depending on e. Since we have 
> 2 n-i ~ = 74^7f where ^4 = ^pfe , so we can choose e small enough such 

that 

1 (n+l) + (n-l)e 1 - (1 - e)i/a„,i 

((n + 1) - (n - l)e)a U: 2 - (n - 1) ' (1 - e)va u ,i 

This implies that y f M (—ip tl )u)™ t is uniformly bounded. Therefore, \^Pu\c°(M) is uniformly 
bounded. Contradiction! □ 

Remark 2.1. The methods applied in Theorem \2.2\ and Theorem \2.3\ originate from 
. 'Tian9À l. 



3 Plurianticanonical Line Bundles and Tamed Condition 

In this section, we study the basic properties of normalized holomorphic section S £ 
H°(K M U ) under the evolving metric to^ and h v t . 

3.1 Uniform Bounds for Plurianticanonical Holomorphic Sections 

Let S be a normalized holomorphic section of H°(M, K M U ), i.e., f M |5|^i/W^ t = 1. In this 
section, we will show both |||5|^|| and |||V5|^|| are uniformly bounded. 

Lemma 3.1. {(M n , g(t)), <t< oo} is a Kàhler Ricci flow solution. There is a Constant 
Aq depending only on this flow such that \S\ h » < A^v^ whenever S £ H°(M, K~ v ) satisfl.es 

Jm \ s \l^ u ^ t = l - 

Proof. Fix a time t and do ali the calculations under the metric g% and h". Recali we have 
uniform Soblev Constant and weak Poincaré Constant, so we can do analysis uniformly 
independent of time t. 

Claim. S satisfies the equation 

A\S\ 2 = |V5| 2 - vR\S\ 2 . (14) 
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This calculation can be done locally. Fix a point x 6 M. Let U be a neighborhood 
of x with coordinate {z 1 , • • • , z n }. Then has a naturai trivialization on the domain 
U and we can write S = f(jjp: A • • • gfn) 1 ' for some holomorphic function / locally. For 
convenience, we denote h = det g k j. Therefore, direct calculation shows 

A\S\ 2 = g^{ffh v } i3 

= g l] {fifh u + vffh»~ 1 h i }- j 

= //''{/,/• /'" + vfh^fihj + vfh^fjhi + v(y - l)ffh v -%h 3 + vffh'-X-}. 

If we choose normal coordinate at the point x, then we have h = 1, hi = hj = 0, 
/ijj = —Rfj- Plugging them into previous equality we have 

A|S| 2 = //'{/,/• - i///J2y} = \VS\ 2 - vR\S\ 2 . 
So equation (fH|) is proved. 

From equation (jl4[) . we have 

f \VS\ 2 dfi= [ vR\S\ 2 dn<vB 
Jm Jai 

where d[i = uj™ . Note that volume is fixed along Kàhler Ricci flow solution, we can omit 
the volume term in Sobolev inequality by adjusting Cs- Therefore, Sobolev inequality 
implies 

{/ \S\^dn}^ <C S { f \S\ 2 dfx+ [ \v\s\\ 2 drì 
Jai Jai Jm 

<C S {[ \S\ 2 dfi+ [ \VS\ 2 dfi} 
Jai Jm 

< C S {1 + vB] < Cu. 

Here we use the property that V5 = 0. 

Note that we have the inequality A^j 2 > — z^i?!,!?! 2 . Let u = |5| 2 , we have 

Au > — vBu, ||it|| < Cu2 

Multiplying this inequality by u l3 ~ 1 ((3 > 1) and integration by parts implies 

/ \VJ\ 2 dfl<— 2—r -{BU)- ! U^d^. 

Jm 4 (P ~ -U Jm 

Combining this with Sobolev inequality yields 

{ / u^dii}^ < C s (l + A ?* B " ) [ u^dfi < Cuf3 [ u^dfi. 
Jm 4 lP _ J-J Jm Jm 
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11 , 
It follows that \\u\\ np < (Cv)p/3p \\u\\ L p. Let fi = (^rr) , we have 

L»- 1 



< (cjESLi^)* . (^^)£r =1 ^) fe • || M || » < Cu^o(^) k = C v n . 



u 



L°° 



'n-l L™-i 

In other words, || ||^oc < Cu». Let ^4o he the last C, we finish the proof. □ 

Corollary 3.1. {(M™ , g(t)),0 <t< 00} zs a Kdhler Ricci flow solution. Then we have 

^ 2\ogA Q + n\ogv <B ^ v x ^ ^ f g u>l. (15) 

v 

Here Bq is a Constant depending only on A$. 

Proof. According to the definition of F v , we only need to show 

N v 

13=0 

for every orthonormal holomorphic section basis {S^ ^}^ . However, fix x, by rotating 
basis, we can always find a basis such that 

|5t i/3 |^(x) = 0, \<P<N V . 
Therefore, by Lemma 13. Il we have 



^ \Su,p\ h v{ x ) — \Sl,a\ft'{ x ) — ^o* 7 ™- 

0=0 



□ 



Lemma 3.2. {(M n , g(t)),0 <t< 00} is a Kdhler Ricci flow solution. There is a Constant 
A\ depending only on this flow and v such that \S/S\ hV < A\ whenever S £ H°(M, K~ u ) 

satisfying f M \S\l»u$ t = l. 

Proof. Fix a time t and then do ali the computations with respect to g(t) and h\. Same as 
in the previous Lemma, we can do uniform analysis since the existence of uniform Sobolev 
and weak Poincaré constants. 

Claim 1. |V5| 2 satisfies the equation 

A|V5| 2 = |VV5| 2 + v 2 \Ric\ 2 \S\ 2 - vR\VS\ 2 

- (2u - VRxSkSi - u{SRiSi + SRjSì}. (16) 
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Suppose U to be a locai coordinate around point x. Locally, we can rewrite 

d d 

V5 = {fi + vfQogtyiW ® (^r A • ■ ■ — )" 
where h = det g k j. It follows that 

|VS| 2 = g*h"(fi + vfQoghMfj + vf(logh) 3 ). 

Choose normal coordinate at point x. So at point x, we have gfj = Sf-, h = 1, hi = hj = 
(log/i)j = (log/i)| = 0, hfj = (log/i)jj = — Rij, (log h)ij = (logh)ij = 0. So we compute 

A|V5| 2 = <?*V>(/i + vf^ogh)^!- + i//(log%)} fc r 

= /{-9¥^^(/ 8 + ^/(log^OC/j + ^/(log%) 
+ vg f ìh v - l h k (fi + vf (log h)i)(f 3 + uf (log h)-) 
+ 9 fj h v (f ik + /./(log fc)* + ^ / fc (Iog + i//(log %) 

+ <^>(/i + f/Oog W(log % fc } r 

= Rjìkkfif] + v ^kkfik 

+ ufQag h) kk -Ji + vf k Qog h) ik fj + f ik f ìk 

+ ^ 2 //(log h) ik (log h)- ik + vfj (log h) kkì + vfj k (log h) kì 

= RfifJ- - vR\Vf\ 2 - vfRifì - vR ik f k fi 

+ |VV/| 2 + v 2 \f\ 2 \Ric\ 2 - uffiR-i - uR ik f k fi 

= |VVS| 2 + u 2 \S\ 2 \Ric\ 2 - uR\VS\ 2 + (1 - 2v)R jì S i S- j - u(SR l S ì + SRjSì). 

So we finish the proof of Claim [TJ 
Claim 2. S satisfies the equation 

= -vSR fj (17) 



Suppose U to be a normal coordinate around point x. Locally, we can rewrite 

d d 

fi fi 

VS = {/, + i//(log h),}dz' 0(—A--- — )", 
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Recali r^- = g k ^^f, it vanishes at point x. So (log/i)j, (logTi)jj vanish at point x. Note 
that / is holomorphic, and our connection is compatible both with the metric and the 
complex structure. So VVS 1 has only one terni 

VV5 = {ufOog h) fj }dzi ® cfe* ® A • • • — r 

= ® ^ ® a • • • —y. 

It follows that S^j = —vSRfA. Claim[2]is proved. 

Claim 3. There is a Constant C such that |||V5||| .3^ < C uniformly. 
Integrate both sides of equation (|16p and we have 

[ \VVS\ 2 d^< [ vR\VS\ 2 d^i + {2v- 1) f R$S k §idii + v f {SRìSj + SR^d^ 
Jm Jm Jm Jm 

where d/j, = . Recali that R^ = — ip ik - . It follows that 

f \VVS\ 2 dfi< [ vR\VS\ 2 d^ + (2v- 1) f \VS\ 2 dfi - {2v - 1) f ^5 fc 5-d/x 
Jm Jm Jm Jm 

+ 2 f {-vR\VS\ 2 + v 2 R 2 \S\ 2 }d{i 
Jm 

= 2v 2 [ R 2 \S\ 2 dn-v [ R\VS\ 2 dfi 
Jm Jm 

+ (2i/-1)/ \VS\ 2 d»+(2u-l) [ ^{S^Sì + SkS^W 
Jm Jm 

Note that we used the property Sfa = —vSR^. 
It follows that 

\VVS\ 2 dfi < 2v 2 [ R 2 \S\ 2 dn-v [ R\VS\ 2 dfi + (2u - 1) / |V5| 2 d^ 
Jm Jm Jm 

— {2u — \)v I SRifiSjdfi + (2v — 1) / SjfrtpiSkdfi 
Jm Jm ' 

(Recali that R, tp,\V(p\,\S\, / \S\*dn and / {VS^d/ji are ali bounded. 

Jm Jm 

<C{1+ [ \VS\dfi+ [ |VV5||V5|d/i} 
Jm Jm 

(Using Hòlder inequality and interperlation: xy < x 2 + y 2 ) 

<C{l + V+( \VS\ 2 dfi + ^- [ \VVS\ 2 dn + 2C [ \VS\ 2 dn} 
Jm 20 J M J M 

= \ I \VVS\ 2 d^ + C{1 + V + (2C + l)Bu}. 
2 Jm 



M 
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By redefining C, we have proved that f M \WS\ 2 d/i < C uniformly. On the other hand, 
we know 

f \VVS\ 2 dfi= [ v 2 \S\ 2 \Ric\ 2 dn < C [ \Ric\ 2 dfi<C. 
Jm Jm Jm 

Therefore Sobolev inequality tells us that 

(/ |VS|^d/i)^ < C s { f \VS\ 2 dfi+ [ \V\VS\\ 2 }dfi 
Jm Jm Jm 

<C{[ \VS\ 2 dfi+ [ \VVS\ 2 d^+ [ \VVS\ 2 }dfi. 
Jm Jm Jm 

This means IHV^I |[ 2^ is uniformly bounded along Kàhler Ricci flow. So we have finished 
the proof of the Claim [3l 

Fix /3 > 1, multiplying — (VS^ 2 ^ -1 ^ to both sides of equation (|16p and doing integration 
yields 



4(/3 - 1) 



P 2 



V|V5| P d[i 



P 2 

[ (u 2 \Ric\ 2 \S\ 2 + \VVS\ 2 )\VS\ 2{ ^ 1) d f i+ [ uR\VS\ 2l3 dfi 
Jm Jm 

+ [ (2u-l)R fk S k S ì \VS\ 2 ^- 1) d fJ , + u [ {SRìS-. + SRìSì^VSI 2 ^- 1 ^^. 
Jm Jm 



I 77 
Plugging R ih = g ih - ip ih into / yields 

I = (2v-l)[ |V5| 2 %-(2^-l) / ^SjlVSf^df, 
Jm Jm 

Since S ij. = —vSRifo using the uniformly boundedness of tp,R and we have 

— T —=[ |V5| 2 %-/ ^(uRSSj-SkS.-^VSf^dpi 
lv - 1 Jm Jm 

+ (0-1) f ip i S k S ì \VS\W- 2 \-vSR fk S l + S t S m )dv 
Jm 

<[ \VS\ w d^ + Cv [ | VS\ 2fi ~ x d^ + C I |VVS||VS| 2/J_1 d/i 
Jm Jm Jm 

+ C(J3 - \)v [ \Ric\\S\\VS\ 2f} - l diJL + C{p- 1) / |VV5||V,S| 
Jm Jm 

Therefore, for some Constant C (It may depends on v), we have 

I<C f (|V5| 2/3 ~ 1 + |V5| 2/3 )^ + /3C f {u\Rìc\ \S\ + \W S\)\V S^~ x dfi 
Jm Jm 



2/3-1 
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Direct calculation shows 



II = u f {-R\VS\ 2 P + v\S\ 2 R 2 \VS\ 2 ^- 1) }d f i 
Jm 

-vi RSS-iifi - l)\VS\ 2(l3 - 2) (-vSR^Si + SjS^dfi 
Jm 

+ u [ {-R\VS\ 2 ? + v\S\ 2 R 2 \VS\ 2{ P~ 1) }du 
Jm 

-vi RSSi({3 - l)\VS\ 2{(3 - 2) (-vSR fi S I + SiS u )dfi 
Jm 

= -2uf R\VS\ 2(3 dfi + 2u 2 [ \S\ 2 R 2 \VS\ 2 ^d^ 
Jm Jm 



+ 2((3-iy / i?|5| 2 %5^|V5| 



2(/3-2) 



dfi 



M 



(J3-I)v / {S^S-iSiS + S Vi SiSiS}R\VS\ 



2(/3-2) 



dfi 



M 



<C f {\VS\ W + \VS\ 2{ ^ 1] }dfi + pC [ (v\Ric\\S\ + \VVS\)\VS\ 
Jm Jm 



208-1) 



dfi. 



Combining this estimate with the estimate of / we have 



vivsf 



d\x 



4(/3 - 1) 
P 2 

< - f (ì/ 2 |iftc| 2 |S| 2 + |VV5| 2 )|V5| 2(/J_1) d// 
Jm 

+ C f {\VS\ 2 ? + \VS\ 2 ^~ 1) }d t i 
Jm 

+ PC [ {u\Ric\\S\ + \VVS\){\VS\ 2{l3 ~ 1] + \VS\ 2 ^ 1 }dfi 



(18) 

JM 

Since PCu\Rìc\ |S| | VS| 2{/3 - 1} = (u\Ric\ \S\ |V5| (/3 - 1} ) • (/3C|V5| (/3 - 1} ), we see 

f pCv\Ric\\S\\VS\ 2{ P- 1] dn< [ \u 2 \Ric\ 2 \S\ 2 \VS\ 2{ ^ 1] d^ + f \{PC) 2 \V 'S\ 2 ^~ 1] 'd/i 

Similar deduction yields 

PC f {v\Ric\ \S\ + |VV5|){|V5| 2{/3 - 1) + \VS\ 2l3 ~ 1 }dfi 
Jm 

< f (v 2 \Ric\ 2 \S\ 2 + \VVS\ 2 )\VS\ 2 ^d f i + (3 2 C 2 f + \VS\ 20 }dn. 

Jm Jm 

By adjusting Constant C, it follows from f)18j) that 



4Qg - 1) 

/3 2 



VjVSI' 3 d// < /5^C^ / {|V5|^~ i; + \VS\' p }dfi. 

M 



■ 208-1) 
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If B > —^r, we have 

f V\VSf 2 d^L < (CBf f {|V5| 2{/3 - 1} + |VS| 2/3 }^i. 

JM JM 

Sobolev inequality tells us that 

(/ ivsf^)^ 1 < c s { [ |vs| 2 % + ! v\vsf 2 drì 

JM JM JM 

< {2CBf [ {|V5| 2{/3 - 1} + |VS| 2/3 }^. 

JM 



(19) 



From this inequality and the fact |||V«S||| _2n is uniformly bounded, standard Moser 



iteration technique tells us |||V5||| ioo < -Ai for some uniform Constant A\ 



□ 



3.2 Convergence of Plurianticanonical Holomorphic Sections 

In this subsection we use L 2 -estimate for 9-operator to study the convergenc e of plur ianti- 
canonical bundles. This section is very similar to Section 5 of Tian's paper |Tian9d |. For 
the readers' and ourselves' convenience, we write down the arguments in detail. 

First let's list the important 9-lemma without proof. 

Proposition 3.1 (c.f. Tian9d | . Proposition 5.1.). Suppose (M n ,g, J) is a complete Kàhler 
manifold, u is metric form compatible with g and J, L is a line bundle on M with the 
hermitian metric h, and ip is a smooth function on M . If 

Ric(h) + Ric(g) + \f^\ddip > cquj 

for some uniform positive number cq at every point. Then for any smooth L-valued (0, 1)- 
form v on M with dv = and J M |v| 2 <i/x 9 finite, there exists a smooth L-valued function 
u on M such that du = v and 



u e 



dUg < ~ 



v e 



' M c JM 

where |-| is the norm induced by h and g. 



d/J,g 



In our application, we fix M to be a Fano manifold, L = for some integer u. 

This Proposition assures that the plurigenera is a continuous function in a proper 
moduli space of complex varieties under Cheeger-Gromov topology. 

Theorem 3.1. (Mj, gi, Jì) is a sequence of Fano manifolds satisfying 
(a). There is an a priori Constant B such that 



Cs{(Mi,gi)) + ||-R g J| C o( M .) + IKHc°(Mi) < B - 
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Bere Cs((Mi,gi)) is the Sobolev Constant of (Mi, gì), R gi is the scalar curvature, 
—Ui is the normalized Ricci potential. In other words, it satisfies 



Ric gi - u: m 



Wdm, -1- f e- u *d^ = 1 

V 9i JMi 



(b) . There is a Constant K such that K 1 r 2n < Voi(B(x,r)) < Kr 2n for every geodesie 

ball B(x, r) C Mj satisfying r < 1. 

(c) . (Mi, gi, Jì) — > (M,g,J) where (M,g,J) is a Q-Fano normal variety. 

Then for any fixed positive integer v, we have 

1. If Si € H°(Mi, K^) and f M \Si\ 2 d/j, gi = 1, then by taking subsequence if necessary, 
we have S £ H°(M,K^) such that 



Si 



c° 









s. 


1 


s 




JM 





d[lg = 1. 



2. IfSeH°(M,Kzp andl 



IM 



S 



djig = 1, then there is a subsequence of holomorphic 



sections Si € H (Mi, K^) and J M . |Sj| djjL gi = 1 such that Si — > S. 



Proof. For simplicity, we let u = 1. Let V be the singular set of M. As M is normal vari- 
ety, Hausdorff dimension of V is not greater than 2n — 4. In virtue of condition (b) and (c), 
volume converges as Mj converge to M. Consequently, K~ l r 2n < Vo\(B(x,r)) < Kr 2n 
holds for every geodesie ball B(x,r) C M satisfying r < 1. Therefore, by the fact that 
dim('P) < In — 4, the Hausdorff dimension definition and packing ball method implies that 
there is a Constant V such that Vól(B(V,r)) < Vr 4 whenever r is small. Now we prove 
part 1 and part 2 respectively. 



Parti. "=^>" 

According to the proof of Lemma 13.11 we see there is an a priori bound Aq such that 

Il Pài Hc (Mi) < A 0- 

Fix any small number 5 and define Ug = M\B(V,5). By the definition of smooth 
convergence, there exists a sequence of diffeomorphisms : Us — » 4>i(Us) C Mi satisfying 
the following properties 

(1) <j)*gi — > g uniformly on U s ; 

-. e* 00 

(2) (<j)~ )„ o J; o ((pi)* — > J uniformly on Us- 
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For convenience, define (4>ì)*Sì = {<j) i Clearly, ((fa)* Si)\u s is a section of (T^'^M® 

T^M)\ Us where T^M and T^M are divided by the complex structure J. Note 



that 



i) bi)\Us\\\co(y s ) 



< Aq and ((fa)* Si)\u s is holomorphic under the complex struc- 



ture ((f) i )* o Jj o (fa)*. By Cauchy's integration formula, ali covariant derivatives of 
((^r 1 )*^)!^ with respect to (fa)*gi are uniformly bounded in the domain C/25. Therefore 
there must exist a limit section §25 £ (T^ 1 ' ) M©T( 0,1 ) M)|[/ 25 and (fa)* Si — » on L^s- 
This section S^ó is automatically holomorphic with respect to J since (éT )*°Ji 



J on [7 2 <S C C/j. 

As {Mug^Ji) ^ (M,g,J), we have lim y ffi (Afi\&(Ef 2 a)) < 2V(2,5) 4 = 32V5 4 . It 

i— >oo 

follows that 



1 > 



u 2S 



) i)*Si\ 2 d^ < p* gi 



MU25) 



\Si\ dfi 



a, 



\Si\ d[i 



Ih 



Mi\MU2s) 



\Si\ dn 9i 



> 1 - 32 AlVÓ 4 . 



Therefore, for each 5, there is a limit holomorphic section 6*2,5 £ H°(Ù28,K U ) satisfying 



5*25 



C° (1/2,5) 



< A , 1 > 



d/jg > 1 - 32^ V5 4 . 



Let 5 = (5fc = 2 fc — )• and then take diagonal sequence, we obtain a subsequence of 
sections (<j>i ì })*Si k \u 2Sh satisfying 



h i )*SìJk — > S\k-, V compact set K C M\V. 



This exactly means that {<t>i, )*S ik ^ 5 on M\P. As M is a Q-Fano normal variety, S 
can be naturally extended to a holomorphic section of H°(K~^). Moreover, we have 



dfi = 1, 













5 


d/J= [ 


S 






Jm\v 





where the metric on is naturally (detg) u . So we finish the proof of part 1. 



Part2. 

Fix two small positive numbers r, 5 satisfying r S> 25. Define function r/s to be a cutoff 
function taking value 1 on U25 and inside B(V,6). rjg also satisfies (Vr/^j- < |. 

Like before, there exists a sequence of diffeomorphisms fa : 17$ —> fa(U$) C Mi satisfying 
the following properties 

(1) falgi — > g uniformly on Us; 
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(2) (0r )* o Ji o ((^i)* — ► J uniformly on Us 



<t>i*(VóS) can be looked as a smooth section of the bundle A n (T ( - 1 '°^M i © T^Mj) by 
naturai extension. Let ttì be the projection from A n (T^Mi © T^'^Mì) to A^T^M; 
and denote Vgj = TTi((j>i*(r]sS)). The smooth convergence of complex structures implies 
that Vsì is an almost holomorphic section of A n T^ 1 '^ M^. In other words, 



lini sup SV^j = lim sup 



0. 



Here d is calculated under the complex structure Jj. 

Notice that V(B(V,5)) < V<5 4 when 5 small. Denote A 
depends on M and S itself. We have 



S 



C°(M) 



(20) 



Note that A 



1 > lim / \V s ,i\*dn gi = lim / 7Ti(^(r; 6 5)) > 1 - 2^V(2<5) 4 = 1 - 32A 2 V5 4 . 

Recali V$i vanishes on B(V,S), so we have 



\dVs,i\ dn g .= / \dVs,i\ dfi gi + / \ 9v s,i\ d^ gv 

By virtue of inequality flU and the fact |V%| 3 < f , Vol^C^E^a)) < 2V(2(5) 4 , we 



obtain 



\dV Sti \*dn gi < W00A 2 V5 2 



AL 



for large i. 

Let /ij be the hermitian metric on KJ^. induced by gì. Clearly, we have 

Ric(hi) + Ric(gi) + V^ldd(-2 Ui ) = 2(Ric( gi ) - y/^lddm) = 2uj 9i . 
So we are able to apply Proposition 13.11 and obtain a smooth section Ws » of Kv} such 



that 



BW s ,i = dV 5 ,i 

|2 „2«;j,, 1 f l«T/-. .I 2 „2« 



|W^|V«^ < \j Mi {BVs^e^dfJLg, < e —$ Mi \dV s ^dfx gi < 500A 2 Ve 2B 6 2 . 



(21) 



Triangle inequality implies 
1 + \/50(U 2 Ve 2B <5 2 > ( ! \V 5i - W s>i \ 2 dfx gi )3 >y/l- 32.4 W - V500A 2 Ve 2t3 5 2 . (22) 

J Mi 
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Therefore Ss % = — ^ r i s a wen defined holomorphic section of K A ^ . 

U Mi \Vs,ì-W s ,ì\ d(i gi )ì 

Direct computation shows that W$i satisfies the elliptic equation: 

&{\Ws,i\ 2 ) = \VW s ,i\ 2 + \VW 5 ,i\ 2 - R\W s f + 2Re < W s ,i,d*dW 5ji > 
= \VW s ,i\ 2 + \VW s ,i\ 2 - R\W 5 ,i\ 2 + 2Re < W s ,i, d*dV S;i > 

> |VW 4 / + \VW s ,i\ 2 -(R + l)\W 5 / - \d*8V s ,i\ 2 

> + |VW^| 2 - 2Ì3{\W 5 , 1 \ 2 + ^\d*8V Syl \ 2 }. (23) 
Ali geometrie quantities are computed under the metric Qì and complex structure J{. Let 

2 1 I — — 1 2 

/ = \Ws,i\ + 2g sup^,.^ ) \d*dV s ,i\ , ori ^(J7|), we have 

A/ > -2Bf. 

Applying locai Moser iteration in 0j(£/r), we obtain 

= C'(r,B,A){\\\Wsf\\ TT ^^ m ^ + ^ sup \d*8V s A 2 }. 



1 2 

Since sup 9 9^ tends to uniformly, it follows that 



lll^rlloo^)) < C (r,B,A)\\\Ws,n L ^ { ^ )y (24) 
On the other hand, inequality (|23p can be written as 

\VW S)l \ 2 + \VW S)l \ 2 < A(\W s ,i\ 2 ) + 2B\W s ,i\ 2 + \d*dV s ,i\ 2 . 

Combining this inequality with Sobolev inequality, we can apply cutoff function on 4>ì{Ul\Ui_ 
to obtain 

2 5 ipi(Ur) 

4 

Together with inequality (|24p . the fact sup 5*51^$ i — > implies that 



c°(^(u r ))- C (r,B,A,M)\\\Ws,i\ \\ L i {lp . {u )) 



<C""(r,B,AM)\\\W 5 f\\ Ll{Mt) 
< C(r,B,A,V,M)5 2 . 

The last inequality follows from estimate (ET]) and the fact \ui\ < B. 



29 



Fix r, 5 and let i — > oo, we have lini (p*(S$i) = ~ — — on domain 

|2 - - 1 



i— >oo 



lim(/ |^-W 5)Ì |^ 9 J2 



U r . Here W" r is a holomorphic section of H°(U r , Krj 1 ) with 



W r 



< CS. It follows 

C°(U r ) 

from this and inequality (|22p that lim lim tp*(Ss,i) = S on domain f/ r . Let 5^ = 2 _fc 

<5— >0i— >-oo 

and take diagonal sequence, we obtain lim tp% (S 2 -k ; ) = 5 on C/ r . Then let r = 2~' 

and take diagonal sequence one more time, we obtain a sequence of holomorphic sections 
Si = S -k, „• such that 

lim ipf (Si) = S, onM\V. 

l—^oo 

Since every Si is a holomorphic section (w.r.t {(pj 1 )* ° Ji ° {4>i)* )> Cauchy integration 
formula implies that this convergence is actually in C°°-topology □ 

3.3 Justification of Tamed Condition 

In this section, we show when the Kàhler Ricci flow is tamed. 

Theorem 3.2. Suppose {(M n , g(t)),Q < t < oo} is a Kàhler Ricci flow satisfying the 
following conditions. 

• volume ratio bounded from above, i.e., there exists a Constant K such that 

\oì g{t) (B g[t) (x,r)) < Kr 2n 
for every geodesie ball B g ^(x,r) satisfying r < 1. 

• weak compaetness, i.e., for every sequence ti — > oo, by passing to subsequence, we 
have 

(M,g(ti)) — -)■ {M,g), 
where (M,g) is a Q-Fano normal variety. 
Then this flow is tamed. 

Proof. Suppose this result is false. For every pi = il, F Pi is an unbounded function on 
M x [0,oo). By Corollarv 13.11 F Pi has no lower bound. Therefore, there exists a point 
(xj, ti) such that 

F Pi (xi,ti) < -pi. (25) 
By weak compaetness, we can assume that 

(M,g(ti))^(M,g). 
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Moreover, as M is a Q-Fano variety, we can assume e uF "^ = \S v ^ a {y)\ 2 ^ > co on M. 
Applying Theorem 13.11 we have 

lim ,? F *{*i>*i) > -co. 

i— >oo 2 

It follows that there are holomorphic sections S v £ H°(K7?) satisfying 



/ 



l't 



UJ, 



tfft) 2 (a*) = e^^A) > i Co . 
/i+ 2 



According to Lemma |3.1| we see there is a Constant C depending only on this flow such 
that 



< Ci/ 2 . 



hY. 



So we have 



.4 



AI 



n < y^fc^ 



Therefore, A~*(ffl) k are unit sections of H (K^ ku ). It follows that 



A-ì(S v u) ) k ( Xi ) > V~ x C~ 2k v~ nk (Si u) ) k (xì) > T/-ic- 2fc i/- nfc (-) fc . 



This implies that 



kv ■ F kv (xi,U) > -2/clogC - n/c log z/ + fclog(— ) - logV 

for large i (depending on v) and every k. Let A; = ^ = ^, by virtue of inequality (f2"5j) . we 
have 



co . 



& ^ = -Pi > PiF Pi (xi,ti) = kv ■ F ku (xi,ti) > -2/clogC - nk log v + kìog(— 



However, this is impossible for large k\ 



□ 



In Theorem 4.4 of |CWaj |. we have proved the weak compactness property of Kàhler 
Ricci flow on Fano surfaces, i.e., every sequence of evolving metrics of a Kàhler Ricci 
flow solution on a Fano surface subconverges to a Kàhler Ricci soliton orbifold in Cheeger- 
Gromov topology. Moreover, the volume ratio upper bound is proved as a lemma to prove 
weak compactness. As an application of this property, we obtain 



Corollary 3.2. If {(M 2 ,g(t)),0 < t < co} is a Kàhler Ricci flow on a Fano surface M , 
then it is a tamed Kàhler Ricci flow . 
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Proof. According to Theorem 4.4 of CW3| . every weak limit M is a Kàhler Ricci solit 



on 



orbifold. It has positive first Chern class and i t cari b e embedded into projective space by 



its plurianticanonical line bundle sections (c.f. [BailyJ]). In particular, every M is a Q-Fano 



normal variety. So Theorem 13.21 applies. □ 



In RZZfl . Weidong Ruan, Yuguang Zhang and Zhenlei Zhang proved that the Rie- 
mannian curvature is uniformly bounded along the Kàhler Ricci flow if f M \Rm\ n dfj, is 
uniformly bounded. Under such condition, every sequential limit is a smooth Kàhler Ricci 
solitoli manifold, therefore Theorem 13.21 applies and we have 

Corollary 3.3. Suppose {(M n , g(t)), < t < oo} is a Kàhler Ricci flow along a Fano 
manifold M n and n > 3. // 

sup / \Rm\ n , t) diig {t) < oo, 

0<t<ooJM 

then {(M n , g(t)), < i < oo} is a tamed Kàhler Ricci flow . 

4 Kàhler Ricci Flow on Fano Surfaces 

In this section, we give an application of the theorems we developed. 
4.1 Convergence of 2-dimensional Kàhler Ricci Flow 



As the convergence of 2-dimensional Kàhler Ricci flow was studied in \CWl\ and |CW2t 



for ali cases except c\{M) = 1 or 3, we will concentrate on these two cases in this section. 
Lemma 4.1. Suppose M is a Fano surface, S £ H Q (K~j), x £ M. 

• Ifct(M) = 1, then a x (S) > ^ for every S G H°(K^ u ),x G M. 

• If c\(M) = 3, then a x (S) > ^ for every S G H°(K M u ),x G M. Moreover, if 
ot x {Si) = a x {S2) = then Si = XS2 for some Constant A. 

As a direct corollary, we have 
Lemma 4.2. Suppose M is a Fano surface, v is any positive integer. 

• Ifc\(M) = l, then a v>1 > §. 

• // c\{M) = 3, then a Uj i = |, a v ^ > §• 

Because of Lemma 14.21 and Corollary 13.21 we are able to apply Theorem 12.21 and The- 
orem [2]3] respectively to obtain the following theorem. 
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Theorem 4.1. If M is a Fano surface with c\(M) = 1 or cf(M) = 3, then the Kahler 
Ricci flow on M converges to a KE metric exponentially fast. 



Combining this with the result in [CWll ] and CW2f |. we have proved the following 
result by Ricci flow method. 

Theorem 4.2. Every Fano surface M has a KRS metric in its canonical class. This KRS 
metric is a KE metric if and only if Aut{M) is reductive. 

In particular, we have proved the Calabi conjectu re on Fano surfaces by flow method. 
This conjecture was first proved by Tian in |Tian90l ] via continuity method. 



Remark 4.1. In fChì ì. Cheltsov proved the following fact. Unless M is a cubie surface 
with bad symmetry and with Eckardt point (a point passed through by three exceptional 
lines), then there exists a finite group G such that ac(M,uj) > | for every M satisfying 
cf(M) < 5. Using this fact, we obtain the convergence of Kahler Ricci flow on M directly 



'#8CP . We thank Tian and Cheltsov for pointing this out to us. However, 



for the consistency of our own programme, we stili give an independent proof for the 
convergence of Kahler Ricci flow on CP 2 #8CP without applying this fact. 

4.2 Calculation of Locai a-invariants 

In this subsection, we give a basic proof of Lemma 14. 1[ 

4.2.1 Locai a-invariants of Anticanonical Holomorphic Sections 

Proposition 4.1. Let S G F°(CP 2 , 3H), Z(S) be the divisor generated by S, x G Z(S). 
Then a x {S) is totally determined by the singularity type of x. It is classified as in the 
tablelE 



a x (S) 


Singularity type of x 


S"s typical locai equation 


1 


smooth 


z 


transversai intersection of two lines 


zw 


transversai intersection of a line and a conic curve 


zw 


ordinary doublé point 


z 2 — w' 2 (w + 1) 


5 

— i— 


cusp 


z A — w 2 


4 


tangential intersection of a line and a conic curve 


z(z + w 2 ) 


•2 


intersection of three different lines 


zw(z + w) 




a point on a doublé line 


z 2 


3 


a point on a triple line 


z A 



Table 2: Locai a invariants of holomorphic anticanonical sections on projective piane 



Proof. Direct computation. 



□ 



33 



Proposition 4.2. Suppose M to be a Fano surface and M = CP 2 #6CP 2 . S G H°(M, K^ 1 ). 
Then a x (S) > | for every x G Z(S). Moreover, if both S\ and S2 G H°(M,K^), 
ot x (S±) = a x (S2) = |. Then there exists a nonzero Constant A such that Si = AS2. 

Proof. Let M to be CP 2 blowup at points pi, • • • ,£>6 m generic positions. Let ir : M — > CP 2 
to be the inverse of blowup process. If S G H (M,K^-), then tt*(Z(£)) must be a cubie 
curve 7 (maybe reducible) in CP 2 and it must pass through every point pi. It cannot 
contain any triple line. Otherwise, assume it contains a triple line connecting p\ and 
P2- Then Z{S) = 3H — aE\ — bE2 for some a, b G Z + . On the other hand, we know 
Z{S) = 3H- J2Li E i- Contradiction! 

Since no three p^s are in a same line, similar argument shows that there is no doublé 
line in ir*(Z(S)). 

So the table [2] implies a x (S) = a 7r ( a ;)( 7r *(5')) ^ § whenever tt(x) G CP 2 \{pi,-- - ,pe}. 
Therefore we only need to consider singular point x G vr~ 1 ({pi, • • • ,Pk})- Without loss of 
generality, we assume x G ir~ 1 (pi) and x is a singular point of Z{S). We consider this 
situation by the singularity type of 71"* (x). Actually, x is a singular point of Z(S) only if 
7r*(x) is a singular point of ir*(Z{S)). By table [2j we have the following classification. 

1. ir if (x) = pi is an intersection point of three different lines. This case cannot happen. 
If such three lines exist, one of them must pass through 3 blowup points. Impossible. 

2. 71"* (x) is an intersection point of two different lines. In this case, x must be a transver- 
sai intersection of a curve and the exceptional divisor E\. Therefore, a x {S) = 1. 

3. 7r*(x) is a cusp point. In this case, x must be a tangential intersection of a smooth 
curve and the exceptional divisor E\. Moreover, the tangential order is just 1. So 

a x (S) = l 

4. 7r*(x) is a tangential intersection point of a line and a conic curve. In this case, x 
is the transversai intersection point of three curves 71,72,73- Moreover, they have 
particular properties. [71] = E\, [72] ~ 2H — Yli=i E l + E h [73] ^ H — E\ — Ej for 
some j G {2, • • • ,6}. x is the intersection of 3 exceptional lines. Clearly, a x (S) = |. 

Therefore, no matter whether x G ir~ 1 {pi,--- ,p$}, we see a x (S) > |. Moreover, 
o-x(S) = | only if x is the transversai intersection of three exceptional lines. 

It is well known that M is a cubie surface, there are totally 27 exceptional lines on 
M. Every point can be passed through by at most three exceptional lines. Therefore, if 
dx(Si) = a x {S2) = 3, then Z(S\) = Z[S2) as union of three exceptional lines passing 
through x. So there is a nonzero Constant A such that S\ = \S%. 

□ 

Proposition 4.3. Suppose M to be a Fano surface and M ~ CP 2 #8CP 2 . S G H°(M, K^ 1 ). 
Then a x (S) > | for every x G Z(S). 
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Proof. Same notation as in proof of Proposition 14.21 we see n if (Z(S)) is a cubie curve. 
Suppose 7r*(Z(S)) is reducible, then Z(S) =71+72 with 71 a line and 72 a conic curve. 
So Z(S) can pass at most 2 + 5 = 7 points of the blowup points. On the other hand, it 
must pass through ali of them. Contradiction! Therefore, ir*(Z(S)) is irreducible. 

If vr(x) G CP 2 \{pi,--- ,p 8 }, we have a x {S) = a <x) {^(S)) > § > § by Tablet 
Suppose ir(x) G {pi, • • • ,ps}- As the 8 points are in generic position, we know no cubie 
curve pass through 7 of them with one point doubled. tt*(Z(S)) is a cubie curve passing 
ali these 8 points, so it must pass through every point smoothly. As Z{S) is irreducible, 
x must be a smooth point on Z(S). So a x (S) = 1. 

In short, a x (S) > §. □ 

4.2.2 Locai a-invariant of Pluri-anticanonical Holomorphic Sections 

Proposition 4.4. // /, g are holomorphic functions ( or holomorphic sections of a line 
bundle) defined in a neighborhood of x, then a x {fg) > ^(f^+a ^fg) > ^ e '> 

1 1 1 

< + — ^T- (26) 



otx{fg) a x {f) a x {g)' 



Proof. Without loss of generality, we can assume a x (f), a x (g) < 00. For simplicity of 
notation, let a = a x (f), b = a x (g),c = We only need to prove a x (fg) > c. 

Fix a small number e > 0, note that § + § = 1> Hòlder inequality implies 

Ug)-^d» = ( / r^d^H [ g -w-<))i < 00, 



where U is some neighborhood of x. Therefore, a x (fg) > c(l — e). As e can be arbitrarily 
small, we have a x (fg) > c. □ 



As an application of Proposition A. 1.1 of Tian90l | . we list the following property with- 
out proof. 

Proposition 4.5. Suppose f is a holomorphic function vanishing at x with order k. In a 
small neighborhood, we can express f as 

f = CLijZiZ^ + • • • 

Without loss of generality, we can assume that there is a pair (i, j) such that i > j, i+j = k 
and a,ij 7^ 0. Then a x (f) > -. 

Lemma 4.3. Suppose M is a cubie surface, S G ff (iT^ m ), x G M. If a x (S) < then 
ct x (S) = jp-, S = (S') m where S' G H°(K^) and Z(S') is the union of three lines passing 
through x. 



35 



Proof. We will prove this statement by induction. Suppose we have already proved it for 
ali k < m — 1, now we show it is trae for k = m. 

Claim 1. If S splits off an anticanonical holomorphic section S' , then Z(S') must be a 
union of three lines passing through x. Moreover, S = (S') m . 

Suppose S = S'S m -i where S' G H°(K^) and S^-i G H tì {K^ m ~ l) ). Since a x (S') > 
| and a x (S m -i) > 3 ( rn 2 _ 1 ) by induction assumption, inequality ([26]) implies 

3m 11 13 3(m — 1) 3m 

T ~ a x (S) ~ a x {S>) + a x (5 m _i) " 2 + 2 = ~2~' 

It forces that 

«,(5) = ^, o,(5') = | 1 ^-i) = ^i)- 

Therefore the induction hypothesis tells us that Z(S') is the union of three lines passing 
through x, S m -i = (S"')™" 1 and Z(S") is the union of three lines passing through x. As 
there are at most three lines passing through zona cubie surface, we see Z(S') = Z(S"). 
By changing coemeients if necessary, we have S m -i = (S') m . It follows that S = (S') m 
and we have finished the proof. 

Claim 2. There must he a line passing through x. 

Otherwise, there is a pencil of anticanonical divisors passing through x. In this pencil, 
a generic divisor is irreducible and it vanishes at x with order 2. Choose such a divisor 
and denote it as Z(S'). Locally, we can represent S by a holomorphic function /, as 
a x (f) = a x (S) < 3^, we see mult x {f) > \^]. If m is odd, then Z(S') £ Z{S) will imply 

3m = K'I • K~l > 2mult x (f) > 3m + 1. 

Impossible! Since Z(S') is irreducible, we know Z(S') C Z(S). Therefore, S = S'S m -\. 
According to Claim [TJ Z(S') is union of three lines and therefore Z(S') is reducible. This 
contradiets to the assumption of Z(S'). 

So m must be an even number and mult x (f) = exactly. Now / can be written as 
dij z\ z\ , a,ij = whenever i + j < . 

ij>0 

Using the fact a x (f) < Proposition 14.51 implies a^j = whenever i < ^p, a3m ^ 0. 

3m 

Therefore locally / can be written as 03™. qZ^ ■ h for some nonzero holomorphic function 

h. This means that Z(S) contains a curve with multiplicity =rp. This is impossible for 
S G K7T 1 as M is the blown up of six generic points on CP 2 . 

Claim 3. The number of lines passing through x is greater than 1. 
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Otherwise, there is exactly one line Li passing through x. So there is an irreducible 
degree 2 curve D passing through x such that L\ + D = Z(S') for some S' E H°(K^). 
Locally, we can write S as lih where Zi is the defining function for Li. As a x {l\) = 1, 
Hòlder inequality implies that a x (h) < 3m 2 „ 2 . Consequently, mult x (h) > |"*rp] — 1. If 
2Li ^ Z(S), we have 

m + l = {K^ m - Li) • Li > {h = 0} • Li > [ ] - 1 m < 4. 



If ?n > 4, this inequality is wrong so we have 2Li C Z(S). Actually, using this argument 
and induction, we can show that |~^~|Li C Z(S). 

For simplicity of notation, let p = |~^] . Locally, S can be written as l^h. Clearly, 
a x (h) < 

3m—2p an( i Tnult x (Ji) > 1 P- Let fq and /i g _2 be the lowest degree terni of 
/ and h respectively. Then we may assume that h q -2 = z^z^ 2 + • • • and any term z\z\ in 
/i g _2 satisfying i > j±. Now we have two cases to consider. 

Casel. Li is tangent to {z\ = 0}. 
If (p + l)Li £ Z(S), then 

Q m m _i_2r— i 

m + p = (K- m - pL x ) ■ L x > {h = 0} • Li > (\— ] - p) • 2, o p > -i^-L. 



2 

Here we use the fact j\ > [^p] — p since a x (h) < 3m 2 _2 p ■ This contradicts to our definition 
p = [fi. Therefore, (p + 1)L X C Z(5). 

Case2. L\ is not tangent to {z\ = 0}. 

In this case, / g = Xz^z^ 2 ^ + • • • for some A / 0. Moreover, every z\z\ in / g satishes 
i > j\. Therefore, the fact a x (S) < ^ and Proposition 14,51 implies ai > f^p]. It follows 
that g > p + f^Pl • Under these conditions, if (p + 1)L X ^ Z(S'), we have 

m+p = (^-™-pLi).Li> r^i ^p> r~i. 

Impossible if m > 3. So (p + l)L a C Z(S). If m < 2, as [f ] = [f ] = 1, we already know 
rflL lC Z(5). 

Therefore by repeatedly rewriting S in locai charts and considering case 1 and case 2, 
we can actually prove that and [y]Li C Z(S). For simplicity, let n = . Moreover, we 
have following conditions: 

Suppose S can be written as l™h' locally. Then either (n + l)Li C Z(S) or L\ is not 
tangent to {z\ = 0}. 

From here, we can show D C Z(S). In fact, if (n + l)Li C Z(S) and D ^ Z(S), we 
have 

2m = K^™ -D>(n + l)Li • D + mult x (h") > 2(n + 1) + (|~— 1 - (n + 1)) <^ m > 2n + 1, 

where /i" is the function such that locally S is represented by l™ +1 h" . This inequality is 
impossible as n = [y] . If Li is not tangent to {z\ = 0}, we know mult x (h') > n+ \ '^r] = 
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m + 2n. Therefore, D £ Z(S) implies that 

TTÌi 

2m = K~™ ■ D > nLi ■ D + mult x (ti) >m + 4nOm> 4[— ] . 

Impossible! Therefore, no matter which case happens, we have D C Z(S). So D + L\ C 
Z(S). It follows that S splits off an 5' G H°(K^) with Z(S') = L\ + D, this contradicts 
to Claim [TJ 

Claim 4. TTie number of lines passing through x is greater than 2. 

Otherwise, there are only two lines Li and L 2 passing through x. There is a unique 
line L3 not passing through x such that Li + L 2 + L3 G -fQ^ 1 . We first prove the following 
property: 

771 

fc(Xi + L3) C Z(S) for ali < k < n = \—] . 

Actually, by induction, we can assume (k— l)(Li +L2) G Z(S). Then S can be represented 

by a holomorphic function / = l^H^h locally. Note that a^l^ 1 ^ 1 ) = -j^j, Hòlder 

2 

inequality implies a x (h) < — |g„ 1) = 3m „ 2 2 ( fc „ 1 ) ■ It follows that 

mult x (h) > \~^~~\ +1 — k = m + n + l — k. 
If kL\ <£. Z(S), we have 

m = (K"™ -{k- l)(Li + L 2 )) • Li > {/i = 0} • h = > mult x {h) >m + n + l-k<^k>n + l. 

This contradicts to the assumption of A;. Therefore, we have kL\ C Z(S). Similarly, 
kL 2 C Z(5). So fc(Li + L 2 ) C Z{S). 

Now locally S can be written as l^l^h. We have a x (h) < 3m 2 . 2 n ' mu ^tx(h) > [~^r — n] = 
m. Assume mult x (h) = m. Under a locai coordinates, /i = Y2i j>o 0"ijz\^2- According to 
the fact ol x {K) < 3m 2 2n , Proposition 14,51 implies that = whenever i < [^p — n] = m. 
Since mult x (h) = m, we see that the lowest homogeneous term of / is of form l^V^z™. 
The condition a x (S) < ^ < ^ implies that either Li or L 2 is tangent to \z\ = 0} at x. 
Suppose Li does so. If (n + l)Li ^ Z(S), we have 

m + n= (K^ m - nLi) • L x > {l%h = 0} • Li 

> n + { ^2 a ij z ì z i = 0} • Li > n + inf{2z + j\aij / 0} > n + 2m. 
i,j>0 

Impossible! It follows that (n + l)Li + nL 2 C Z(S). 
Consider L3. If L3 ^ Z(S), we have 

m = L 3 • /f- m > ((n + l)Li + nL 2 ) = 2n + 1. 

This absurd inequality implies L3 C Z(S). Let S" G i^ 1 such that Z(S') = Li + L 2 + L3. 
So have split 5 as S = S'S m -i. However, Z(S') is not the union of three lines passing 
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through x. This contradicts to Claim[TJ 



So there must exist three lines Li,L2,L% E Z(S) passing through x. Since M is a 
cubie surface, there exists an S' E H°(K^) such that Z(S') = L\ + L2 + L3. As we 
argued in ClaimUl Li, L2, L3 C Z(S). Therefore Li + L2 + L3 C Z(5) and 5 1 splits off an 
anticanonical holomorphic section S'. By Claim[Tl we have S = (S') m . □ 

Similarly, we can prove the foliowing property by induction. 
Lemma 4.4. Suppose M is a Fano surface and M ~ CP 2 #8CP 2 , 5 E H°(K~ m ), x E M. 



Then a x (S) > ^ for every x E M. 

Proof. Suppose we have proved this statement for ali k < m — 1. 

Suppose this statement doesn't hold for k = m, then there is a holomorphic section 
S E L r0 (LT^ f m ) and point a; E M such that a x (S) < g^. Let / be a locai holomorphic 
function representing S 1 . Clearly, mult x (f) > 5jp. Choose 5' E H°(K^) such that 
x E Z(S'). Since S" is irreducible, if Z(S') Z(S), we have 

m = Z(5) • Z(5') > ^. 

5 

It is impossible! Therefore, Z(S') E Z(S). It follows that 5 = S'S m -i for some 5 m ,_i E 
H°(K^). So Proposition 1431 implies 



a x (S) > 



6 ' 6(m-l) 5 



l + 6(^T) 6m ' 



This contradicts to the assumption of ^(S)! □ 
Lemma 14.11 is the combination of Lemma 14.31 and Lemma [ 
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